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ABSTRACT. This paper verifies Abhyankar’s Inertia Conjecture for certain
sporadic groups G in particular characteristics by showing that all possible
inertia groups occur for G-Galois covers of the affine line. For a larger set
of sporadic groups, all but finitely many possible ramification invariants are
shown to occur. In particular, we prove that all but eight of the possible
ramification invariants are realizable for M11-Galois covers of the affine line.
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1 Introduction
Following the work of Serre, [Ser90], Raynaud, and Harbater proved Abhyankar’s Conjec-
ture for Galois covers of affine curves in positive characteristic. Let k be an algebraically
closed field of characteristic p. Let G be a finite group and p(G) be the normal subgroup
of G generated by elements of p-power order.
Theorem 1.1 (Abhyankar’s Conjecture [Abh57; Har94; Ray94]). Let X be a smooth
projective curve of genus g defined over k. Let B be a finite non-empty set of points of
X having cardinality r and let U = X \ B. A finite group G is the Galois group of an
unramified cover of U if and only if G/p(G) has a generating set of size at most 2g+r−1.
Call G quasi-p if G = p(G). A simple group is quasi-p for any prime dividing its order.
When X is the projective line P1k and B = {∞}, then Theorem 1.1 states that a finite
group G is the Galois group of an unramified cover of A1k if and only if a generating
set of G/p(G) has size at most 0. Thus a finite group G is the Galois group of an
unramified cover of the affine line over k if and only if G is quasi-p. Following the proof
of Theorem 1.1, Abhyankar stated Conjecture 1.2.
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Conjecture 1.2 (Abhyankar’s Inertia Conjecture [Abh01, Section 16]). Let G be a finite
quasi-p group. Let I be a subgroup of G which is an extension of a cyclic group of order
prime-to-p by a p-group J . Then I occurs as an inertia group for a G-Galois cover of P1k
branched only at ∞ if and only if the conjugates of J generate G.
The condition on J in Conjecture 1.2 is necessary. Suppose G and I are as in Con-
jecture 1.2 and that I is the inertia group of some G-Galois cover of P1k branched only
at ∞. Let H be the normal subgroup of G generated by the conjugates of J . Then the
G/H-Galois quotient cover is tamely ramified at∞. Grothendieck showed that the tame
fundamental group of the affine line is trivial [Gro63, Corollary XIII.2.12]. Consequently,
H = G which proves the “only if” direction of Conjecture 1.2.
Fix k = F p and a quasi-p group G.
Definition 1.3. Denote the set of potential inertia groups of G-Galois covers of P1k
branched only at ∞ by Ip(G). Explicitly Ip(G) is defined in the following way
Ip(G) = {I ⊂ G | I satisfies the hypotheses of Conjecture 1.2}.
Throughout this paper we specify a G-Galois cover of P1k branched only at ∞ with
particular inertia group I ∈ Ip(G) at a ramified point. Such a cover is called a (G, I)-
Galois cover. We say that Conjecture 1.2 is true (or verified) for G in characteristic p if
for every I ∈ Ip(G) there exists a (G, I)-Galois cover.
This paper verifies Conjecture 1.2 for certain sporadic groups in various characteristics.
In order to do so we prove Lemma 3.5, a technical lemma which allows us to construct
a well-defined thickening problem. Work of Habater and Stevenson [HS99] and Pries
[Pri03] determines the existence of solutions to these thickening problems. This allows
us to prove the following theorem.
Theorem 1.4. Suppose H ⊂ G are finite quasi-p groups, the index [G : H] is coprime
to p, a Sylow p-subgroup of G has order p, and every I ∈ Ip(G) is a G-conjugate of some
I ′ ∈ Ip(H). If Conjecture 1.2 is true for H in characteristic p, then it is true for G in
characteristic p.
As an application of the previous theorem we consider sporadic groups with stipulated
properties.
• Sylow p-subgroups of G are isomorphic to Z/p.
• The normalizer NG(S) is isomorphic to Z/p⋊ Z/((p− 1)/2).
• The group G contains a subgroup isomorphic to PSL2(p).
These attributes are sufficient to verify Conjecture 1.2.
Corollary 1.5. Abhyankar’s Inertia Conjecture is true for the fourteen sporadic groups
and characteristics in Table 3.1.
The ramification invariant of a cover is an invariant of the filtration of higher ramifi-
cation groups in the upper numbering. The ramification invariant is necessary though
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not sufficient to determine the genus of the covering curve associated to a (G, I)-Galois
cover. More information can be found in Section 2.1.
In Section 4, we study the ramification invariants that can occur for G-Galois covers
of P1k branched only at ∞ when G contains a subgroup H ∼= PSL2(p). In Section 5 we
verify a refinement of Conjecture 1.2 for the Mathieu group M11: all but eight of the
possible ramification invariants occur for M11-Galois covers of P1k branched only at ∞ in
characteristic 11. We leave it as an open question whether these eight occur as well.
Theorem 1.6. Conjecture 1.2 is true for M11 in characteristic p = 11. Further, all possi-
ble ramification invariants are verified to occur except for those in the set {6/5, 7/5, 9/5, 12/5, 14/5, 17/5, 19/5, 27/5}.
We prove similar result for additional sporadic groups in Theorem 4.6.
Previous work has been successful when considering simple groups which are not spo-
radic. In [Har95, Section 4.1] and [Har93, Theorem 2], Harbater shows that the Sylow
p-subgroups of the Galois group occur as inertia groups. Abhyankar’s Inertia Conjecture
(Conjecture 1.2) is true for the following groups:
a) PSL2(p) for p ≥ 5, [BP03, Corollary 3.3];
b) Ap for p ≥ 5, [BP03, Corollary 3.5];
c) Ap+2 when p is odd and p ≡ 2 mod 3 [MP12, Theorem 1.2].
In [Obu13], Obus shows inertia groups isomorphic to Z/pr and Dpr are realizable for
PSL2(l) in characteristic p when pm divides |PSL2(l)|, l 6= p is an odd prime and 1 ≤ r ≤
m. Das and Kumar show that certain inertia groups occur for covers whose Galois group
is a product of alternating groups [DK17, Corollary 4.9]. Refined observations are made
in both [BP03] and [MP12] beyond just the verification of Conjecture 1.2. Both papers
are able to determine that all but finitely many of the possible ramification invariants
occur. Further reading can be found in [MP12, Section 4].
Acknowledgements. Thank you to Dr. Rachel Pries for suggesting this direction of
inquiry. The author would also like to thank Dr. Jeff Achter, Dr. Renzo Cavalieri, and
Dr. Alexander Hulpke.
2 Preliminaries
2.1 Ramification groups
Let φ : X → Y be a G-Galois cover of curves with ξ a point of Y and η a point in the
fiber over ξ. Let Oη denote the discrete valuation ring of OY given by the valuation νη
at η. For i ≥ −1, the ith ramification group is given by
Gi = {δ ∈ G : νη(δ(a) − a) ≥ i+ 1 for all a ∈ Oη}. (2.1)
The higher ramification groups form a filtration
{Gi}i≥−1 : G−1 ⊇ G0 ⊇ G1 ⊇ . . . . (2.2)
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The subgroup G−1 is the decomposition group Dη at η. It is the subgroup of G of
automorphisms that fix η. The inertia group Iη at η is G0. In general, if π is a uniformizer
of Oη, then Gi is the kernel of the action of G−1 on Oη/πi+1. The subscript η on inertia
and decomposition groups is suppressed unless relevent.
The ordering of the ramification groups in (2.2) is called the lower numbering while
the renumbering introduced in Definition 2.1 is called the upper numbering.
Definition 2.1 (Upper Numbering [Ser79, Section IV.iii]). Consider the function
t = H(s) =
∫ s
0
dx
[G0 : Gx]
,
called the Herbrand function and let ψ(t) be the inverse map of H(s). Then for any real
s ≥ −1, let Gs = G⌈s⌉ and renumber the ramification groups by Gt = Gs.
Definition 2.2 (Jumps). An index t such that Gt 6= Gt+ǫ for any ǫ > 0 is called an
upper jump.
a) The largest upper jump σ is called the ramification invariant.
b) Let j = ψ(σ). This is called the inertia jump; it is the index of the last nontrivial
ramification group in the lower numbering.
Let φ : X → P1k be a (G, I)-Galois cover for some I ∈ Ip(G) and η a ramified point
with inertia group I. We denote the normalizer in G of a subgroup I ⊂ G by NG(I). The
inertia groups at other ramification points are all the G-conjugates of I of which there
are [G : NG(I)]. For every G-conjugate I ′ of I, the number of ramified points with inertia
group I ′ is [NG(I) : I]. If a particular group structure is specified for I, it is meant that
the inertia groups of φ are subgroups of G isomorphic to I.
If p strictly divides |I|, then I is a semi-direct product of the form Z/p⋊Z/mI where
gcd(p,mI) = 1 by the Schur-Zassenhaus Theorem [Zas58, pg. 132]. In this case, there is
exactly one inertia jump j and p ∤ j. The ramification invariant is then related to the
inertia jump by σ = j/mI .
The following proposition provides some restrictions on the inertia jump and possible
inertia groups.
Proposition 2.3 ([Ser79, Proposition IV.ii.9]). Suppose φ is a (G, I)-Galois cover with
inertia jump j. By [Ser79, Corollary IV.ii.4], I is an extension of a cyclic group C of
order m by a p-group P via a group homomorphism ψ : C →֒ Aut(P ). If τ ∈ I with order
p and β ∈ I with order m, then
ψ(β)τψ(β−1) = ψ(β)jτ.
2.2 p-Properties of Galois groups
Recall from Theorem 1.1 that the existence of G-Galois covers of P1 branched only at ∞
in characteristic p > 0 is detected by the quasi-p condition on G.
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Definition 2.4 (quasi-p). Denote by p(G) the subgroup of G generated by all p-power
elements of G. If p(G) = G, then call G quasi-p.
All pairs G and p which we study in this paper are chosen such that G is simple and
p divides |G|.
Lemma 2.5. If G is simple and p divides the order of G, then G is quasi-p.
Proof. The subgroup p(G) is normal and non-trivial in G. By the hypothesis, G is simple
and thus satisfies p(G) = G.
The following condition, p-pure, on G was introduced by Raynaud. It is a geometric
condition that guarantees that the reduction of a G-Galois cover of the affine line is
connected over a terminal component. More techniques are available for p-pure groups
see [Ray94] and [Pri02b] for details.
Definition 2.6 (p-pure [Ray94, pg. 426]). Let G be a finite quasi-p group and let S be a
fixed Sylow p-subgroup of G. By G(S) denote the subgroup of G generated by all proper,
quasi-p subgroups H ⊂ G having a Sylow p-subgroup contained in S. If G(S) 6= G then
G is p-pure.
Definition 2.7 (p-weight [Pri03, Definition 3.1.2]). Fix G and S as in Definition 2.6.
Consider all subgroups G′ ⊂ G such that G′ is quasi-p and p-pure such that G′ ∩ S is a
Sylow p-subgroup of G′. The p-weight ωG of G is the minimal number of such subgroups
G′ of G which are needed to generate G. Note that a group G is p-pure if ωG = 1.
2.3 Sporadic groups
The Mathieu groups M11, M12, M22, M23, and M24 are sporadic simple groups first
described by Émile Mathieu in the 1870s [Suz77, pg. 389]. The group M11 has order
7920 = 24 · 32 · 5 · 11 and acts strictly 4-transitively on 11 objects. By [Con+85, pg. 18],
there are two 11-conjugacy classes labeled 11a and 11b. Conjugate maximal subgroups
of M11 are the following [Con+85, pg. 18].
Subgroup M10 PSL2(11) M9 : 2 S5 Q : S3
Order 720 660 144 120 48
Table 2.1: Maximal Subgroups of M11
Lemma 2.8. The groups M11 and M22 are quasi-11 and 11-pure.
Proof. For 11-purity, see Lemma 2.5.
To check 11-purity, pick G ∈ {M11,M22}. Fix a Sylow 11-subgroup S of G. The
only quasi-11 subgroups containing S are its normalizer NG(S) and a unique subgroup
T isomorphic to PSL2(11). But NG(S) ⊂ T ; thus G is 11-pure.
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Remark. The groups M12, M23, and M24 are not 11-pure. For G ∼= M12 every Sylow
11-subgroup of G is contained in both a maximal subgroup H ∼= PSL2(11) of G and a
maximal K ∼= M11 of G. The groups H and K are maximal subgroups, consequently
H 6⊂ K. Hence G(S) = G and M12 is not 11-pure. This argument works similarly for
M23 and M24. Likewise, M22 is not 7-pure and M24 is not 23-pure.
Both the Higman-Sims group HS and McLaughlin group McL are stabilizers of certain
planes in the Leech Lattice. The group HS stabilizes the plane given by the 3-3-2 triangle.
The group McL stabilizes the plane given by the 3-2-2 triangle. The groups HS and McL
have order strictly divisible by 11, have Sylow 11-subgroups isomorphic to Z/11 with
normalizers isomorphic to Z/11⋊ Z/5, and contain a subgroup isomorphic to PSL2(11).
Both HS and McL fail to be 11-pure.
Group Order Reference
HS 293253 · 7 · 11 [HS68]
McL 273653 · 7 · 11 [McL69]
Ru 2143353 · 7 · 13 · 29 [Rud84]
The group Ru has Sylow 29-subgroups isomorphic to Z/29 with normalizers isomorphic
to Z/29⋊Z/14, and contains a maximal subgroup isomorphic to PSL2(29). Further, this
is the only maximal subgroup of Ru with order divisible by 29. Consequently Ru is
29-pure.
3 Resolving Abhyankar’s Inertia Conjecture from Subgroups
Few techniques are known to increase the size of inertia groups. A technique we demon-
strate in this section constructs thickening problems which have solutions which are
known to exist by results of Harbater and Stevenson [HS99, Theorem 4]. In [Pri03] it
is shown that inertia groups and ramification invariants behave predictably under this
operation.
3.1 A Galois equivariant relation on ramification points
We begin by fixing some notation. Fix a (G, I)-Galois cover φ : X → P1k. Pick a ramified
point η on X and denote the inertia group at η by Iη. The group G acts transitively
on ramification points, thus for each ramification point ǫ there exists a g ∈ G such that
g ◦ η = ǫ. Let Ig denote the inertia group at the ramified point g ◦ η, consequently
Ig = gIηg
−1.
Note that g1 ◦ η = g2 ◦ η if and only if g−12 g1 ∈ Iη. This is because k is algebraically
closed so the decomposition group at η and Iη coincide.
We define an equivalence relation on ramification points.
Definition 3.1. We say g1 ◦ η ∼ g2 ◦ η if and only if g−12 g1 ∈ NG(Iη). In particular this
identifies η with the ramification points z ◦ η for all z ∈ NG(Iη).
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Lemma 3.2. Suppose p divides the order of G and Iη ∈ Sylp(G). The groups
NG(Ig1) = NG(Ig2)
as subgroups of G if and only if g1 ◦ η ∼ g2 ◦ η.
Proof. First we show that NG(Ig1) = NG(Ig2) if and only if I1 = I2. Assume NG(Ig1) =
NG(Ig2). By the Sylow theorems, NG(Igi) contains a unique Sylow p-subgroup. Both Ig1
and Ig2 are the Sylow p-subgroup of NG(Ig1). This shows that Ig1 = Ig2 as subgroups
of G. Alternatively if Ig1 = Ig2 as subgroups of G, then the normalizers NG(Ig1) and
NG(Ig2) must be equal as well.
Consequently, we must show that g−12 g1 ∈ NG(Iη) if and only if I1 = I2 as subgroups
of G. We proceed by computing
g−12 g1 ∈ NG(Iη) ⇐⇒ Iη = g−12 g1Iηg−11 g2
⇐⇒ g2Iηg−12 = g1Iηg−11
⇐⇒ Ig2 = Ig1 .
Corollary 3.3. The relation ∼ collects the ramification points of φ into equivalence
classes of cardinality [NG(Iη) : Iη] identified by subgroups of G isomorphic to NG(Iη).
Proof. This follows immediately from Lemma 3.2.
Suppose φ : X → P1k is a (G, I)-Galois cover. The set of ramification points of φ is
denoted by Rφ and the cardinality of Rφ is [G : I]. The number of points in Rφ with
inertia group precisely I is [NG(I) : I]. The set of equivalence classes of Rφ/ ∼ is denoted
by Rφ and the cardinality of Rφ is [G : NG(I)].
3.2 Induced covers, patching, and deformations
For the remainder of this section fix a finite quasi-p group G1 and a quasi-p subgroup G2
with index coprime to p. Let S be a Sylow p-subgroup of G1 and choose Ii containing S.
Assume that (Gi, Ii)-Galois covers φi : Xi → P1k exist.
Recall the proof of [Pri03, Corollary 2.3.1]. A similar process is implemented here. We
will induce a disconnected (G1, I2)-Galois cover ϕ2 from a (G2, I2)-Galois cover. The
induced cover ϕ2 and a connected (G1, I1)-Galois cover are formally patched in neighbor-
hoods of the ramification points. This operation yields a G1-Galois thickening problem
for which there is a solution V [HS99, Theorem 4]. Deformations of the special fiber of
V yield a smooth, connected (G1, I2)-Galois cover.
We extend the notation of Section 3.1 to serve two covers. Fix a ramified point ηi of
φi. By Ig,i we denote the inertia group at the ramified point g ◦ ηi.
Definition 3.4. Suppose φ2 : X2 → P1k is a G2-Galois cover of curves. The induced
curve X2 := IndG1G2(X) is defined to be the disconnected curve consisting of [G1 : G2]
copies of X2, indexed by left cosets of G2 in G1. There is an induced action of G1 on X2.
The induced cover is denoted ϕ := IndG1G2(φ2) : X2 → P1k.
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Lemma 3.5. For each i ∈ {1, 2} let φi : Xi → P1k be a (Gi, Ii)-Galois cover. Suppose
G2 ⊂ G1 and let ϕ2 = IndG1G2(φ2) be the induced cover. If NG1(I1) ∼= NG1(I2), then there
is a set bijection b : Rϕ2 → Rφ1. Further, there is a labeling of ramification points such
that the bijection b is G1-equivariant.
Proof. First we check that the cardinalities of Rϕ2 and Rφ1 agree:
|Rϕ2 | = [G1 : G2]|Rφ2 | = [G1 : G2][G2 : NG2(I2)]
= [G1 : NG1(I1)] = |Rφ1 |.
The equality of the first and second lines is justified by the hypothesis NG1(I1) ∼= NG1(I2).
Applying Corollary 3.3, define b to be the bijection sending the equivalence class of
Rϕ2 identified by N to the corresponding class of Rφ1 .
We now show that that b is G1-equivariant. Let b(η) ∈ Rφ1 be a ramification point
with inertia group Iη and normalizer of inertia N . For any g ∈ G1, g ◦η has inertia group
gIηg
−1. We must show that g ◦ b(η) has inertia group gIηg−1. Recall that by definition
b(η) has normalizer of inertia N . Every ramification point with normalizer N has inertia
group Iη. Consequently, g ◦ b(η) has inertia group gIηg−1.
Lemma 3.6. Suppose p is prime and G is a finite quasi-p group with order strictly
divisible by p. Fix a quasi-p subgroup H ⊂ G, and I ∈ Ip(H) with I ∼= Z/p ⋊ Z/mI . If
there exists an (H, I)-Galois cover with inertia jump j, then there exists an (H, I)-Galois
cover with inertia jump j + imI and a G-Galois cover with inertia jump γ(j + imI) for
some positive integers i and γ.
Proof. Let S be a Sylow p-subgroup of H and G. There exists a (G,S)-Galois cover φ by
[Har93, Theorem 2]. Note that φ can be selected such that its inertia jump is γ(j+ imI)
for some pair of positive integers i and γ where gcd(γ,mI) = 1; this is a consequence of
[Pri03, Theorem 3.2.4].
By assumption, there exists an (H, I)-Galois cover ψ with inertia jump j. The inertia
jump of ψ is increased to j + imI which finishes the proof [Pri03, Theorem 2.2.2].
The proof of Theorem 3.7 uses formal patching to solve a particular thickening problem.
The pattern of proof follows [Pri03, Theorem 2.3.7] which uses [HS99, Theorem 4] to
ensure a solution exists.
Theorem 3.7. Consider finite quasi-p groups G2 ⊂ G1. Suppose the Sylow p-subgroups
of G1 have order p, fix I ∈ Ip(G2). If there exists a (G2, I)-Galois cover, then there exists
a (G1, I)-Galois cover.
Proof. Fix a Sylow p-subgroup S of G1 contained in I. Let φ1 : X1 → P1k be a (G1, S)-
Galois cover which exists by [Har93, Theorem 2]. Let φ2 be a (G2, I)-Galois cover, and
ϕ2 : X2 → P1k denote the induced cover. Finally, let W be a curve isomorphic to two P1k’s
intersecting transversely at ∞. Construct ϑ : V → W by patching X1 and X2 at the
ramification points identified by the bijection produced in Lemma 3.5.
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We apply [Pri03, Theorem 2.3.7] to φ1 and φ2. It is necessary that |S| = p as well as
certain numerical conditions are verified for the jumps of φ1 and φ2. These numerical
conditions can be satisfied by Lemma 3.6. See [Pri03, Notation 2.3.2, Notation 2.3.6] for
additional details.
Let R = k[[t]]. The result of applying [Pri03, Theorem 2.3.7] is the following. A
family of covers over an R-curve PR is constructed. The generic fiber of this family is a
(G, I)-Galois cover, thus deformations of the special fiber yield the result.
Corollary 3.8. Suppose G2 ⊂ G1 are finite quasi-p groups, the index [G1 : G2] is coprime
to p, and the Sylow p-subgroups of G1 have order p. Also suppose every I ∈ Ip(G1) is a
G1-conjugate of some I ′ ∈ Ip(G2). If Conjecture 1.2 is true for G2 in characteristic p,
then it is true for G1 in characteristic p.
Proof. Pick I ∈ Ip(G1). By assumption, every element I ∈ Ip(G1) is represented by a
G1-conjugate element I ′ ∈ Ip(G2). Because Conjecture 1.2 is true for G2, there exists
a (G2, I ′)-Galois cover. Applying Theorem 3.7 constructs a (G1, I ′)-Galois cover φ. The
group G1 acts transitively on fibers of φ. For this reason all G1-conjugates of I ′ occur as
inertia groups at some point over ∞. This enables us to conclude that I is the inertia
group at some ramified point of φ.
As an application, Conjecture 1.2 is verified for several sporadic groups due to Conjec-
ture 1.2 being known for PSL2(p) in characteristic p ≥ 5 [BP03, Corollary 3.3].
Corollary 3.9. Abhyankar’s Inertia Conjecture is true for the groups and characteristics
in Table 3.1.
p Groups
5,7 M22
11 M11, M12, M22, M23, HS, McL
13 F22, Suz
17, 19 J3
23 M24
29 Ru
31 ON, B
59, 71 M
Table 3.1: Groups and characteristics p for which Conjecture 1.2 is verified by Corol-
lary 3.8.
Proof. Fix G isomorphic to a group in Table 3.1, p 6= 5, and set mI = (p − 1)/2.
Abhyankar’s Inertia Conjecture is known for PSL2(p) by [BP03, Corollary 3.3]. The group
G contains a subgroup isomorphic to PSL2(p). The normalizers of Sylow p-subgroups
in G and PSL2(p) are isomorphic to Z/p ⋊ Z/mI . Consequently, the hypothesis of
Corollary 3.8 are satisfied.
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In the case G ∼= M22 and p = 5, the proof is similar. The fundamental difference is
that we consider a subgroup isomorphic to A7, for which Abhyankar’s Inertia Conjecture
is known [MP12, Theorem 1.2].
Remark. This strategy of proof does not work for M24 with p = 11 because the normalizer
of a Sylow 11-subgroup of M24 has order 110. There is no proper subgroup H ⊂ M24
for which it is known that there exists an H-Galois cover with inertia order 110. Con-
sequently, this method does not verify Conjecture 1.2. In the next section we verify
the existence of M24-Galois covers of the affine line with all but finitely many potential
inertia jumps.
3.3 Example: The Monster group M in characteristic 71
Consider the Monster group M which is the sporadic finite simple group with maximal
order. The order of M is approximately 8× 1053. The prime 71 strictly divides the order
of M, the group M contains a subgroup H isomorphic to PSL2(71), and the normalizer
of a Sylow 71-subgroup is isomorphic to Z/71 ⋊ Z/35 [HW08, Theorem 1]. To verify
Conjecture 1.2 for M in characteristic 71 we must show for every subgroup I of M
isomorphic to one of {Z/71,Z/71⋊Z/5,Z/71⋊Z/7,Z/71⋊Z/35} there exists an (M, I)-
Galois cover.
Pick I ∈ I71(M) and denote the unique Sylow 71-subgroup of I by S. There exists a
subgroup H ∼= PSL2(71) containing I. By [BP03, Corollary 2.4], there exists an (H, I)-
Galois cover φ. There exists an (M, S)-Galois cover ψ [Har93, Theorem 2]. From φ and
ψ Theorem 3.7 constructs an (M, I)-Galois cover.
4 Occurrence of all but Finitely Many Jumps
We now put aside the question of whether there exists a (G, I)-Galois cover for every
I ∈ Ip(G) and instead consider which ramification invariants occur for unramified G-
Galois covers of A1k. Studying which ramification invariants occur loses information
concerning the centralizers of the inertia groups which occur. This is not a strict loss,
as we gain information regarding which inertia jumps occur. In particular, we realize
all but finitely many of the potential ramification invariants for the sporadic groups in
Tables 3.1, 4.1, and 4.2.
Fix a prime p, finite quasi-p group G with order strictly divisible by p, and k = Fp.
Recall from Section 2.1 that if p strictly divides G, then every I ∈ Ip(G) must be of the
form I ∼= Z/p ⋊ Z/mI for some mI such that gcd(p,mI) = 1. For such a (G, I)-Galois
cover, the ramification invariant σ is related to the inertia jump j by σ = j
mI
.
Definition 4.1. With the above notation, denote the set of potential ramification in-
variants for a (G, I)-Galois cover by
σp(I) =
{
j
mI
∈ Q | j > mI , p ∤ j, and gcd(j,mI) = |Cent(I)|
p
}
.
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Now let I vary through all Ip(G) and denote the set of all possible ramification invari-
ants of (G, I)-Galois covers in the following way
σp(G) =
⋃
I∈Ip(G)
σp(I).
Definition 4.2. We say “all but finitely many ramification invariants occur for G in
characteristic p” if for all but finitely many σ ∈ σp(G) there exists a (G, I)-Galois cover
with ramification invariants σ for some I ∈ Ip(G).
Lemma 4.3. Suppose I ∈ Ip(G). If for every j ∈ Z/mI satisfying gcd(j,mI) = |Cent(I)|p
there exists a (G, I)-Galois cover with ramification invariant j
mI
for some j ≡ j mod mI ,
then all but finitely many σ ∈ σp(I) occur for (G, I)-Galois covers.
Proof. In [Pri03, Lemma 3.2.3] it is shown that if the inertia jump j occurs for a (G, I)-
Galois cover, then any j′ > j such that j′ ≡ j mod mI occurs for some (G, I)-Galois cover.
Consequently, if there exists a (G, I)-Galois cover with inertia jump j ≡ j mod mI for
each equivalence class j ∈ Z/mI satisfying gcd(j,mI) = |Cent(I)|p , then all but possibly
a few potential inertia jumps smaller than j occur for that equivalence class. Because
I has order strictly divisible by p, the jump j′ corresponds to the ramification invariant
j′
mI
∈ σp(I).
Proposition 4.4. Suppose p is prime, G is a finite quasi-p group with order strictly di-
visible by p, S ∈ Sylp(G), and H is a subgroup of G for which there exists an (H,NH(S))-
Galois cover. If for all I ∈ Ip(G) there exists a finite group D such that I = I ′ ×D for
some I ′ ∈ Ip(H), then all but finitely many ramification invariants σ ∈ σp(G) occur.
Proof. Let I = NH(S) and note I ∼= Z/p ⋊ Z/mI by the Schur-Zassenhaus Theorem
[Zas58, pg. 132]. Lemma 3.6 and the Different Inertia case of [Pri03, Corollary 2.3.1]
show that there exists a (G, I)-Galois cover with ramification invariant σ = γ(j+imI )
mI
where j and γ are coprime to mI .
Pick an element j ∈ Z/mI where gcd(j, p) = |Cent(I)|p . There exists a positive integer
d ∈ N such that dγj ≡ j mod mI and
dγ(j + imI)
gcd(mI , d)
≡ j mod mI .
Let I ′ ⊂ I be the subgroup with order pmIgcd(mI ,d) . Applying [BP03, Proposition 3.1]
yields a (G, I ′)-Galois cover with inertia jump j′ = dγ(j+imI )gcd(mI ,d) and ramification invariant
σ = j
′
mI′
.
Remark. Assume the notation of Proposition 4.4. IfD is trivial, then all but finitely many
σ ∈ σp(G) occuring is equivalent to Conjecture 1.2 being true for G in characteristic p.
Definition 4.5. By mG we will denote the smallest integer such that mG · σp(G) ⊂ Z.
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p = 5 p = 7
G NG(S) mG H G NG(S) mG H
J1 D5 × S3 2 PSL2(11) M23 (Z/7⋊ Z/3)× Z/2 3 PSL2(7)
J3 D5 × S3 2 PSL2(19) M24 (Z/7⋊ Z/3)× S3 3 PSL2(7)
McL (Z/7⋊ Z/3)× Z/2 3 PSL2(7)
Ru D7 ⋊A4 6 PSL2(13)
Table 4.1: Groups in characteristics 5 and 7 for which all but finitely many jumps are
verified along with structure of the normalizer of S ∈ Sylp(G), the value of
mG, and the subgroup H for which Proposition 4.4 is applied.
p = 11
G NG(S) mG H
Co3 (Z/11⋊ Z/5)× Z/2 5 PSL2(11)
F22 (Z/11⋊ Z/5)× Z/2 5 PSL2(11)
Table 4.2: Groups in characteristic 11 for which all but finitely many jumps are verified
along with structure of the normalizer of S ∈ Sylp(G), the value of mG, and
the subgroup H for which Proposition 4.4 is applied.
Theorem 4.6. As a result of Proposition 4.4, we can verify the occurrence of all but
finitely many σ ∈ σp(G) for the groups and characteristics in Table 3.1 as well as the
groups and characterstics in Table 4.1 and Table 4.2.
Proof. All groups in Tables 3.1, 4.1 and 4.2 satisfy the hypotheses of Proposition 4.4. In
the cases H ∼= PSL2(p) see [BP03, Corollary 3.3]. For all other cases see [BP03, Theorem
3.6].
5 A Refinement for M11 in characteristic 11
We realize improved lower bounds on the ramification invariants for (M11, I)-Galois covers
in characteristic 11. Specifically all but eight of the possible ramification invariants are
shown to occur. We prove Theorem 5.7 in the following way. Lemma 5.2 describes
the possible minimal ramification invariants for an unramified M11-Galois cover of A1k.
Lemma 5.4 determines the genera of a quotient cover given a ramification invariant. Then
to show that σ = 8/5 occurs with inertia group isomorphic to Z/11⋊Z/5, Proposition 5.5
studies a cover in characteristic 11 provided by Serre in [Ser92]. To show that σ = 2
occurs with inertia group isomorphic to Z/11, Proposition 5.6 studies the semi-stable
reduction of a characteristic 0 cover to characteristic 11. Finally, the larger ramification
invariants are shown to occur via results of [Pri06].
The techniques in this section depend on the p-purity of M11 and existence of a proper
quasi-p subgroup of sufficiently small index relative to the size of p.
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5.1 Intermediate genus formula
Let G be a finite simple group and let C = (C1, C2, C3) be a triple of conjugacy classes
in G rational over a field L such that
{(g1, g2, g3) ∈ C : gi ∈ Ci, gi 6= 1, and g1g2g3 = 1} 6= ⊘.
Assume char(L) ∤ |Ci|. For such a triple, there exists a tame G-Galois cover Y → P1L
branched at three points labeled P1, P2, P3 over which an inertia group is generated by
some gi ∈ Ci.
Fix a subgroup H ⊂ G and let X = Y/H. Consider the H-Galois subcover Y → X
and degree [G : H] cover X → P1. Denote the normalizer of H in G by NG(H) and the
inertia group at a point above Pi by Ii.
Lemma 5.1. Consider G, H, X, and Y as above. The genus g of X can be computed
as follows
g = −[G : H] + 1 + [G : H]
2
3∑
i=1
|Ii| − 1
|Ii| −
[NG(H) : H]
2
3∑
i=1
|NG(Ii)|
|NH(Ii)|
|H ∩ Ii| − 1
|H ∩ Ii| . (5.1)
Proof. Write the Riemann-Hurwitz Formulas for the covers Y → P1L and Y → X:
2 genus(Y )− 2 = |G|(2 genus(P1L)− 2) + |G|
3∑
i=1
1
|Ii|(|Ii| − 1); (5.2)
2 genus(Y )− 2 = |H|(2g − 2) + |NG(H)|
3∑
i=1
|NG(Ii)|
|NH(Ii)|
|H ∩ Ii| − 1
|H ∩ Ii| . (5.3)
Solving this system of equations for g yields (5.1).
5.2 Vanishing cycles
Let φ : Y0 → (X0 = P1K) be a G-Galois cover defined over a complete discrete valuation
field K branched at 0, 1, and∞. Assume the characteristic of the residue field k is p > 0
and p strictly divides |G|. To force bad reduction, assume that p divides the order of the
inertia group at some ramified point. Then φ has a stable reduction φs : Ys → Zs with
the following properties [Wew03, Theorem 2].
• The base Zs is a tree of projective lines.
• There is a unique original component, denoted Z, which each other component of
Zs intersects.
The components of Zs other than Z are called tails. The restriction φα of φs to a tail
Xα is a cover of P1k. The point on a tail Xα where it intersects the original component
is called ∞α. A tail cover Xα is called a new tail if it is only ramified at ∞α. Let Pi be
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the point of Zs to which i = 0, 1,∞ specializes. A tail Xα is called a primitive tail if one
of the original branch points specializes to it. If G is p-pure then the cover is connected
over one tail [Ray99, Proposition 3.1.7].
Let B be the index set of tails. Each α ∈ B uniquely identifies a tail cover φα and σα
denotes the ramification invariant at ∞α. Let Bnew be the index set of new tails, and B0
the index set of primitive tails. When all inertia groups have order divisible by p, there
are no primitive tails.
For |B0| = 3, the vanishing cycles formula in [Ray99, Section 3.4.4] yields the following.
∑
α∈Bnew
(σα − 1) = 1. (5.4)
5.3 Realizing small jumps for M11 in characteristic 11
Recall from Section 2.1 that the inertia group at Q is isomorphic to Z/11⋊Z/mI where
gcd(11,m) = 1. In M11 the normalizer of a subgroup isomorphic to Z/11 is of the form
Z/11⋊ Z/5; thus mI = 5 or mI = 1.
Lemma 5.2. There exists an M11-Galois cover Y → P1k, only branched at ∞, with
ramification invariant σ is in the set {65 , 75 , 85 , 95 , 2}.
Proof. Recall M11 is quasi-11, and M11 is 11-pure, applying [Pri02a, Theorem 3.5] proves
that a minimal cover exists such that σ ∈ {65 , 75 , 85 , 95 , 2}.
Note that this does not solve the inertia conjecture because it does not show that
all possible inertia groups occur. The first four ramification invariants are associated
to inertia groups isomorphic to Z/11 ⋊ Z/5 while σ = 2 is associated to inertia groups
isomorpic to Z/11.
To apply results of [Bou11], it is important to know the possible degrees of non-Galois
covers dominated by an M11-Galois cover.
Lemma 5.3. Let L be an algebraically closed field of any characteristic. Let X → P1L
be a degree d non-Galois cover with M11-Galois closure Y → P1L. If 11 ≤ d < 22, then
d ∈ {11, 12}.
Proof. The possible degrees of X → P1L correspond to indices of subgroups H ⊂ M11.
The only maximal subgroups with an index in the given range are isomorphic to M10
and PSL2(11). In particular [M11 : M10] = 11 and [M11 : PSL2(11)] = 12. Any other
possible degrees must arise from subgroups of M10 or PSL2(11). The only other candidate
subgroup is A6 E M10 which has index 22 in G. Consequently d ∈ {11, 12}.
Lemma 5.4. Fix an (M11, I)-Galois cover Y → P1k with ramification invariant σ = j5 .
Let ϕ : X → P1k be a degree 11 ≤ d < 22 quotient cover of Y . Let g = genus(X). If
d = 11, then g = j − 5 and if d = 12, then g = j − 6.
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Proof. Pick θ ∈ I satisfying |θ| = 5. The number of orbits of θ acting on {p+1, . . . , d} is
denoted by t. By [Bou11, Proposition 1.3], t = #ϕ−1(∞)−1 and the genus of X is given
by (2j − t− d + 1)/2. By Lemma 5.3, the two possible degrees for X → P1k are 11 and
12. If d = 11 then t = 0. Otherwise, 1 ≤ t ≤ d− p. Thus when d = 12 then t = 1.
Proposition 5.5. There exists an (M11,Z/11⋊ Z/5)-Galois cover with ramification in-
variant σ = 8/5.
Proof. The curve C : X11 + 2X9 + 3X8 − T 8 is an unramified cover of A1k mapping
(X,T ) 7→ T . It is wildly ramified over ∞ with Galois closure M11 [Ser92, pg. 43]. Note
that this curve has non-ordinary singularities. The geometric genus 3 can be computed in
a computer package such as Magma or Sage. Because C is a degree 11 cover of P1k, wildly
ramified above ∞, Lemma 5.4 implies σ = 85 . The inertia group for a wildly ramified
point over ∞ with σ = 85 is isomorphic to Z/11⋊ Z/5.
Proposition 5.6. There exists an (M11,Z/11)-Galois cover with ramification invariant
σ = 2.
Proof. Let C = (C1, C2, C3) where each Ci is an 11-conjugacy class of M11 and for some
i and j, Ci 6= Cj. Each Ci is rational over Q(
√−11); let L = Q(√−11). Consider an
M11-Galois cover Y0 → P1L branched at three points P1, P2, and P3 with an inertia group
over Pi generated by some element of Ci. Also consider the degree 12 quotient cover
X0 → P1L dominated by the PSL2(11)-Galois cover Y0 → X0. Applying (5.1) with C and
d = 12 yields genus(X0) = 4.
|Bnew| {σα : α ∈ Bnew}
∑
α∈Bnew
genus(Xα)
1 { 10
5
} 4
2 { 6
5
, 9
5
} or { 7
5
, 8
5
} 3
3 { 6
5
, 6
5
, 8
5
} or { 6
5
, 7
5
, 7
5
} 2
4 { 6
5
, 6
5
, 6
5
, 7
5
} 1
5 { 6
5
, 6
5
, 6
5
, 6
5
, 6
5
} 0
Table 5.1: Possible genera for the reduction of X → P1 of degree 11.
The vanishing cycles formula (5.4) gives a set of possibilities for {σα : α ∈ Bnew}. For
the selected ramification type, |B0| = 3. Because all Ci are conjugacy classes of order 11,
none of the tails indexed by B0 are primitive. Thus the vanishing cycles formula is
∑
α∈Bnew
(jα/5− 1) = 1. (5.5)
From [Ray99, Proposition 3.3.5], note that 5 < jα. For each set of possible ramification
invariants use (2j − t− d+ 1)/2 to compute the sum of the genera of the curves Xα.
Because Y0 dominates a genus 4 cover, its reduction must as well. This only occurs
in the first row of Table 5.1 for the single new tail with ramification invariant 2. The
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11-purity of M11 ensures that the cover is connected over the tail component. Thus σ = 2
occurs with inertia group isomorphic to Z/11.
Theorem 5.7. Abhyankar’s Inertia Conjecture is true for M11 in characteristic p = 11.
More generally:
a) If j ∈ {8 + i5, 16 + i5, 24 + i, 32 + i55 | i ∈ Z≥0} and p ∤ j, then σ = j/5 occurs as
a ramification invariant for an M11-Galois cover of P1k branched at a single point
and with inertia groups isomorphic to Z/11⋊ Z/5.
b) If σ ∈ {2+ i | i ∈ Z≥0} and p ∤ σ, then σ = 2+ i occurs as a ramification invariant
for an M11-Galois cover of P1k branched at a single point and with inertia groups
isomorphic to Z/11.
Proof. Recall that the only possible inertia groups for an M11-Galois cover of A1k are
isomorphic to Z/11 ⋊ Z/5 and Z/11. By Propositions 5.5 and 5.6, each of these occurs
with ramification invariants 8/5 and 2 respectively. The other inertia jumps can be
produced with applications of [Pri03, Corollary 2.3.1 Different Inertia Case] with r = 1.
To see that j = 16 occurs, apply Theorem 3.7 with G1 ∼= G2 ∼= M11, I1 ∼= I2 ∼= Z/11⋊Z/5,
and j1 = j2 = 8. Theorem 3.7 can be reapplied with j1 = 16 yielding j = 24. Likewise
applying Theorem 3.7 a final time with j1 = 24 produces j = 32.
Finally [Pri06, Theorem 3.2] allows j to be increased by multiples of 5.
This method is not sufficient to determine whether these jumps j occur: 6, 7, 9, 12,
14, 17, 19, and 27.
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